Abstract. In the present paper we obtain some results for the asymptotic behavior of a large class of evolution families. Our approach uses the admissibility method initiated by O. Perron in the 1930's but the test functions that we choose are different from those employed in the case of differential systems.
Introduction
In recent years there has been an increasing interest in the qualitative theory of evolution equations due to its applications in pure and applied sciences, as well as in the study of social and engineering sciences. Differential equations as part of this theory are being studied regarding the asymptotic behaviour of their solutions and exponential stability plays a central role.
The notion of exponential dichotomy and thus stability for linear differential equations was introduced by O. Perron in 1930 in [15] . In this classic paper Perron was the first to establish the connection between the solution of the equation (A)ẋ(t) = A(t)x(t) and the associated inhomogeneous equation (A, f )ẋ = A(t)x(t) + f (t) in finite dimensional spaces, where f is a continuous and bounded function on R + . This idea was later developed by W. A. Coppel ([7] ) and P. Hartman ( [9] ) for differential systems in finite dimensional spaces and the paper was a starting point for many works in the field of asymptotic properties of dynamical systems.
The properties of exponential stability and dichotomy for linear differential equations has gained prominence since the appearance of two fundamental monographs due to J. L. Daleckij and M. G. Krein ( [8] ) and J. L. Massera and J. J. Schäffer ( [13] ).
Several generalizations of differential equations appeared during the years, like the concepts of semigroups, evolution families and skew-product semiflows. The last notion has the advantage that it represents an unified approach of all the other concepts.
In this paper we study asymptotic properties of skew-evolution semiflows on Banach spaces, which are generalizations of the notion of skew-product semiflow. The latter arises naturally when one considers the linearization along an invariant manifold of a dynamical system generated by a nonlinear differential equation (see [21] , Chapter 4). The major difference between these two concepts consists in the fact that a skew-evolution semiflow depends on three variables, while the classic notion of skew-product semiflow depends only on two variables,therefore justifying a further study of asymptotic behaviors for skew-evolution semiflows in a more general setting, the nonuniform case (relative to the third variable). We mention the fact that the classical example of a linear skew-product semiflow is the one that is associated with the solutions of a nonautonomous differential equation (A) mentioned above on a Banach space X.
The notion of skew evolution semiflows was introduced by M. Megan and C. Stoica in [14] . Other results concerning the asymptotic properties of skew evolution semiflows and in particular, characterizations of the connections between the exponential dichotomy, dichotomic spectrum and Morse decomposition were recently obtained by M. Rasmussen in [20] .
The theory of skew-product semiflows is well represented in the literature by the papers due to C. Chicone Characterization for the asymptotic properties of skew-product semiflows were obtained by C. Preda, P. Preda, A. Petre ( [16] ) and P. Preda, A. Pogan, C. Preda in [17] .
In this paper we present some results concerning nonuniform asymptotic properties of skew evolution semiflows, thus we would like to present several causes of nonuniform asymptotical behaviour of dynamical systems. A cause for the nonuniform behaviour of the solutions of the differential equation (A) is the non-integral-boundedness of the coefficients A(t), t ≥ 0 (i.e.sup , that a differential system of type (A), for which the pair (C 00 (R + , X), C(R + , X)) is admissible to the evolution family generated by A and denoted by Φ, has the property that there exist N : R + → R * + and ν > 0 such that
Furthermore, an example from the same book (p. 131) shows that the nonuniform stability of Φ is due to the fact that A(t), t ≥ 0, are not integralbounded. It is, therefore, essential for the coefficients of the differential system (A) to be integral bounded in order to have uniform behaviour of the solutions. In [18] , M. Reghiş indicated that another cause for the nonuniform asymptotic behaviour of the solutions of the differential system (A) is the non-invariance to translations of the input-output spaces (according to the terminology in [18] ). These sources of nonuniform asymptotic behaviour are also presented in the paper [12] by J. L. Massera and J. J. Schäffer in Theorems 5.1 and 5.2, pages 534 and 535 respectively.
We also mention the results of nonuniform exponential stability and dichotomy given and studied in the papers [1] [2] [3] by L. Barreira, D. Dragičević and C. Valls. In these papers the authors analyze evolution families (and semigroups) that are nonuniformly exponentially bounded, i.e. there exist
and obtain results of nonuniform exponental stability and dichotomy in terms of admissibility of some pairs of function spaces.
In the present paper we obtain some results of uniform and nonuniform behaviour for the Perron problem for the stability of evolution families, in general as in [8] . We therefore obtain a result for skew evolution semiflows in general with a technique different from that of the evolution families generated by differential equations. Also, we prove that in this case we can consider as an input-output space a subclass of the space C, the space denoted by C 00 = {f ∈ C : f (0) = 0 and lim t−→∞ f (t) = 0} obtaining the same type of behaviour as in the case of the evolution families generated by differential equations. This class is the most general and the stability result obtained unifies the results of such type that arose from the Perron problem for the stability of the dynamical systems described by evolution families.
Preliminaries and notations
Let (X, · ) be a Banach space and (Θ, d) a metric space. We denote by (B(X), · ) the Banach space of all linear and bounded operators from X into itself and we consider ∆ = {(t, t 0 ) ∈ R 
Definition 2.2. Let σ be a semiflow. A strongly continuous evolution cocycle over an evolution semiflow σ is a function Φ : Θ × ∆ → B(X) that satisfies the following conditions:
If in addition the evolution cocycle Φ also satisfies the following condition (iv) there are M > 0 and ω ∈ R such that
then it is uniformly exponentially bounded. Φ λ (θ, t, t 0 ) = e λ(t−t0) Φ(θ, t, t 0 ).
Definition 2.3. The linear skew-evolution semiflow associated with the above cocycle is the dynamical system
One can remark that π λ = (Φ λ , σ) also satisfies the conditions of Definition 2.3, begin called λ-shifted skew-evolution on X × Θ. Let us consider on the Banach space Y the Cauchy problem ẏ(t) = Ay(t), t > 0,
where A is an operator which generates a C 0 -semigroup S = {S(t)} t≥0 . Then Φ(θ, t, s)y = S(t − s)y, where t ≥ s ≥ 0, (θ, y) ∈ Θ × X defines an evolution cocycle. Moreover, the mapping defined by
where S λ = {S λ (t)} t≥0 is generated by the operator A−λI, is also an evolution cocycle.
Example 2.5. Let f : R + −→ R * + be a decreasing function with the property that there exists lim t−→∞ f (t) = a > 0. We denote by C = C(R + , R + ) the set of all continuous function x : R + −→ R + endowed with the topology of uniform convergence on compact subsets of R + , metrizable by means of the distance
,
If x ∈ C, then for all t ∈ R + , we denote x t (s) = x(t + s), x t ∈ C. Let X be the in C of the set {f t , t ∈ R + }. It follows that (X, d) is a metric space. The mapping σ : ∆ × X −→ X, σ(θ, t, s) = x t−s is an evolution semiflow on X. We consider y = (y 1 , y 2 ) ∈ Y . If u : R + −→ R * + , then the mapping
is an evolution cocycle over σ and π = (Φ u , σ) is a skew-evolution semiflow.
We consider the following function spaces:
C(R + , X) = {f : R + → X, f continuous and bounded},
with the norm |f | = sup t≥0 f (t) . Obviously they are Banach spaces.
Definition 2.6. The pair of function spaces (C 00 (R + , X), C(R + , X)) is admissible to the skew-evolution semiflow π = (Φ, σ) if for every f ∈ C 00 (R + , X), the map t → x f (θ, t) belongs to the function space C(R + , X) for all θ ∈ Θ, where x f : Θ × R + → X is defined by
Uniform exponential stability
In this section, the cocycles considered are uniformly exponentially bounded. Thus the main result of this section gives a sufficient condition for a different type of uniform exponential stability of linear skew-evolution semiflows.
Lemma 3.1. Let π = (Φ, σ) be a linear skew-evolution semiflow on ε = (X, Θ). If the pair of function spaces (C 00 (R + , X), C(R + , X)) is admissible to π, then there exists k(θ) > 0 such that Proof. We consider U θ : C 00 (R + , X) → C(R + , X), U θ f = x f . Obviously U θ is a linear operator. Let f n → f in C 00 (R + , X) and U θ f n → g in C(R + , X). We show that U θ f = g.
We have that
, which shows that U θ f = g and this implies that U θ is a closed operator. By the Closed Graph Principle there exists k(θ) > 0 such that
Throughout the following we assume that k(θ) is a constant independent of θ, i.e. k(θ) = k.
The following is the main result of the first section.
Theorem 3.2. Let π = (Φ, σ) be a linear skew-evolution semiflow on ε = (X, Θ). If the pair of function spaces (C
for all (t, t 0 ) ∈ ∆, θ ∈ Θ and x ∈ X.
Proof. Let n ∈ N * be a positive integer, t 0 > 0, δ > t 0 and x ∈ X \ {0} such that Φ(σ(θ, t 0 , 0), t, t 0 )x = 0, for all θ ∈ Θ and t ≥ t 0 .
We consider the function χ n : R + → R,
It is obvious that χ n ∈ C 00 and that |χ n | = 1. Now let f n :
It is easy to see that f n ∈ C 00 and that |f n | = 1.
By Theorem 3.1 it follows that
We put t = δ and we get that
This is equivalent to
We denote ϕ : R + → R,
We get that ϕ(t) ≤ kφ(t), which is equivalent to
, for all θ ∈ Θ, t > 0.
Let t ≥ t 0 + 1. By integrating the last relation on [t 0 + 1, t], we have that
which shows that
By relation (3.1) it follows that
We denote by N = M e ω e 1 k max{1, k} and ν = 1 k , thus the last relation can be rewritten as follows:
Next we assume that for x ∈ X \ {0} there exists t ′ > t 0 such that
and by the evolution property of the cocycle Φ we have that
We denote
and so Φ(σ(θ, t 0 , 0), µ, t 0 )x = 0. It follows that Φ(σ(θ, t 0 , 0), t, t 0 )x ≤ N e −ν(t−t0) x , for all t ∈ [t 0 , µ).
In conclusion we obtain
Nonuniform exponential stability
In all that follows we assume that the cocycles considered do not satisfy property (iv), i.e. they are not uniformly exponentially bounded.
Remark 4.1. Let π = (Φ, σ) be a linear skew-evolution semiflow on ε = (X, Θ). Then there exists M θ,t > 0 such that
Indeed, let θ ∈ Θ, t ≥ 0, τ ∈ [0, t] and x ∈ X. Since Φ(θ, t, τ )x is continuous on [0, t], there exists M θ,t,x > 0 such that
By the Uniform Boundedness Principle there exists M θ,t > 0 such that
Lemma 4.2. Let π = (Φ, σ) be a linear skew-evolution semiflow on ε = (X, Θ). If the pair of function spaces (C 00 (R + , X), C(R + , X)) is admissible to π, then there exists k(θ) > 0 such that
Proof. Following the steps of the proof of Theorem 3.1 and by Remark 4.1, we obtain that
for all θ ∈ Θ and t > 0. It follows that U θ f = g and by the Closed Graph Principle there exists k(θ) > 0 such that
for all f ∈ C 00 (R + , X) and all θ ∈ Θ. 
for all t ≥ t 0 , θ ∈ Θ and x ∈ X.
Proof. Let δ > t 0 , x ∈ X \ {0} such that Φ(σ(θ, t 0 , 0), t, t 0 )x = 0. We consider χ : R + → R + given in the proof of Theorem 3.2 and f n : R + → X,
Obviously f n ∈ C 00 (R + , X) and |f | = 1. Proceeding as in the proof of Theorem 3.2, we obtain We denote N (θ, t 0 ) = e 1 k(θ) M (θ, t 0 ) max{1, k(θ)} and ν(θ) = 1 k(θ) . Therefore we have obtained that Φ(σ(θ, t 0 , 0), t, t 0 )x ≤ N (θ, t 0 )e −ν(θ)(t−t0) x , for all t ≥ t 0 and θ ∈ Θ. Now let x ∈ X \ {0} such that there exists t ′ > t 0 and Φ(σ(θ, t 0 , 0), t ′ , t 0 )x = 0.
It follows that Φ(σ(θ, t 0 , 0), t ′ , 0)Φ(σ(θ, t 0 , 0), t ′ , t 0 )x = 0, for all t > t ′ .
We denote µ = inf{t > t 0 : Φ(σ(θ, t 0 , 0), t, t 0 )x = 0}.
Therefore Φ(σ(θ, t 0 , 0), µ, t 0 )x = 0 and Φ(σ(θ, t 0 , 0), t, t 0 )x = 0, for all t ∈ [t 0 , µ). This shows that Φ(σ(θ, t 0 , 0), t, t 0 )x ≤ N (θ, t 0 )e −ν(θ)(t−t0) x , for all t ≥ t 0 , θ ∈ Θ and x ∈ X. for all t ≥ t 0 , θ ∈ Θ and x ∈ X.
